of a graph G is a proper total coloring if any two distinct vertices u and v with distance at most r in G, the set of colors assigned to u together with its incident elements differs from the set of colors assigned to v together with its incident elements. The minimum number of colors required for an r -strongly vertex-distinguishing total coloring of G, denoted by χ r −svd t (G), is called the r -strongly vertex-distinguishing total chromatic number. In this paper, we show that for any K 3 -free graph G with no isolated edges,
Introduction
Let G = (V, E ) be a finite, simple and undirected graph with vertex set V (G) and edge set E (G). For any vertex u, v ∈ V (G), the distance between u and v , denoted by d (u, v ), is defined as the length of a shortest path between them. The diameter of G, denoted by D(G), is the maximum distance between any two vertices of G, if there is no confusion, sometimes we write D(G) as D. The incident set of u, denoted by N 〈u〉, is a set consisting of N (u), u and its incident edges, where N (u) is the neighbors of u, and d G (u) represents the degree of u in G.
As usual, let ∆(G) and δ(G) denote the maximum degree and the minimum degree of G, respectively. And we always write, respectively, K n and P n for the complete graph and the path of order n. We say that a graph G is k 3 -free if it does not contain induced K 3 . For a universal set I , A ⊆ I , the symbolsĀ = I \A and |A| respectively represent mation on its structural properties and also on some relevant topological properties, in particular those related to information science. In this paper, we first show that for any K 3 -free graph G with no isolated edges, χ 1−svd t (G) ≤ 4∆ 2 (G) − ∆(G). Moreover, we generalize the result of Zhang's in [5] , and also prove that χ 2−svd t (T ) ≤ ∆(T ) + 3 and χ 3−svd t (T ) ≤ 3∆(T ) + 1 for any tree T of order at least 3.
Preliminaries
In the section, we give some useful lemmas which will play an important role in the proof of our main results. 
Lemma 2.1 (Hall Theorem[1]). Let G be a bipartite graph with bipartition (X , Y ). Then G contains a matching that saturates every vertex in X if and only if |N (S)| ≥ |S| for all S ⊆ X .

Lemma 2.2 ([12]).
N (A 1 , A 2 , . . . , A n ) ≥ n i =1 (m i − (i − 1)).
Lemma 2.3. For any positive integer n(≥
Proof. Note that 2n
. ., n, the equality holds if and only if i = n. It is easy to see that (2n)! = (2n)·1·(2n−1)·2 . . . (n+1)n, so the conclusion follows. 
Proof. In order to verify the inequality (1), it is equivalent to show the following propositions.
First of all, we prove (i) holds.
One can easily obtain Φ ′ (∆) = 4∆ 3 − 3∆ 2 − 10∆ + 3 and Φ ′ (3) = 54, and Φ ′′ (∆) = 12∆ 2 − 6∆ − 10 and Φ ′′ (3) = 80, and
strictly increases in [3, +∞) , and so
strictly monotone increasing in [3, +∞) , and further get
so the claim follows.
(ii) The inequality (1) for R 1 , . . . ,
This is equivalent to the following inequality
We notice that the inequality (1) is true for R 1 , R 2 , . . . , R ∆ . It is necessary to show that
Thus, the inequality (1) follows for any sequence R 1 , R 2 , . . . , R ∆ with 0 ≤ R i ≤ 3∆ 2 −3∆+1,
which consists of the distinct subsets of I such that
Proof. We denote byĀ j = I \ A j . Let A 1 be any subsets of I such that
Thus, the subset A 2 exists for ∆ > 3 since
Here |Ā 2 | = 1, for convenience, sayĀ 2 = {α 2 }. Clearly, α 1 = α 2 . Going on this way, one can successively
Lemma 2.6 ([5]). Let P n be a path of order n(≥ 3)
.
Lemma 2.7 ([5]). Let C n be a cycle of order n(≥ 3)
From Definition 1.1 we see that the following lemma always holds. 
Main results
In this section, we will give our main results. At first, we present two obvious theorems from Definition 1.1.
Theorem 3.1. Let G be a connected graph with order no less than 3. If r 1 < r 2 , then
Theorem 3.2. Let G be a graph with m connected components G
Now, we consider the bound of 1-strongly vertex-distinguishing total chromatic number of a graph below.
Theorem 3.3. Let G be a K 3 -free graph with no isolated edges. Then
where ∆ is the maximum degree of G.
Proof. Let ∆ be the maximum degree of G and κ = 4∆ 2 − ∆. Clearly, ∆ ≥ 2 since G has no isolated edges as its components. If ∆ = 2, by Lemmas 2.6 and 2.7 we know that the conclusion holds. Otherwise ∆ ≥ 3, it implies that |V (G)| ≥ 4, we shall prove the results by induction on |V (G)|. When |V (G)| = 4, the theorem is obvious. When |V (G)| ≥ 5, suppose that H is a vertex-induced subgraph of G, and H has a κ-1-SVDTC f . We here verify that G also admits a κ-1-SVDTC.
Let v be a vertex of G with d (v ) = ∆, and let e i be all the edges incident to v , where e i = v v i for i = 1, 2, . . ., ∆. We denote by N (v ) = {v 1 , v 2 , . . . , v ∆ } and N (v i ) = {w i 1 , w i 2 , . . . , w i t i , v } where 1 ≤ t i ≤ ∆. As is shown in Fig.1 . Figure 1 : The illustration of G By the induction hypothesis above, H = G\{v } has a κ-1-SVDTC f such that for any uw ∈ E (H), C H 〈u〉 = C H 〈w〉. In order to extend the 1-SVDTC f to a 1-SVDTC of G, we respectively denote by R i and R v the number of colors which cannot be used for the coloring on e i and v , where 1 ≤ i ≤ ∆, and called it to be the forbidden colors number.
For a proper total coloring of v , there are at most 2∆ colors which are forbidden since d (v ) = ∆, thus ∆ ≤ R v ≤ 2∆. For the edge e i , we consider two cases to cause f is not a κ-1-SVDTC of G. (i) For the coloring of e i , there are at most ∆ colors are forbidden in order to ensure that the total color is proper. (ii) For the neighbors of v i , we notice that v i is not adjacent to some v j ( j = i ) since G is K 3 -free. Thus, if there exists some neighbor w i t such that C G 〈v i 〉 = C G 〈w i t 〉, then it just needs C H 〈v i 〉 ⊂ C H 〈w i t 〉 and 1 ≤ |C H 〈w i t 〉| − |C H 〈v i 〉| ≤ 2. We here distinct two subcases. In this case, there are at most (3∆ − 1)(∆ − 1) assignments to contribute to R i since v i has at most (∆ − 1) such neighbors (i.e., except for v , v i has at most (∆ − 1) neighbors). Therefore,
Constructing a bipartite graph B(X , Y ) with X = {e 1 , e 2 , . . . , e ∆ , v } and Y = {1, 2, . . . , κ}, we connect e i , v to all the corresponding colors which are not forbidden for e i and v . 
, and the number of these matchings is at least
this implies that there are at least (κ−R v −∆)
assignments to guarantee the resulting is a proper coloring such that C 〈v
For the vertex v , we also consider the 'bad' case in the respect of C G 〈v 〉 = C G 〈v i 〉 for some v i (i = 1, 2, . . ., ∆). If so, then it means that all the colors of C G 〈v i 〉 are assigned on v and its incident edges and vertices. Thus, there are at most κ − R v and κ − R i colors which can be respectively assigned on v and e i since { f (v ), f (e i )} ⊂ C G 〈v 〉 ∩ C G 〈v i 〉. Furthermore, there are at most (2∆−2)! ways to color the incident elements of v except for e i and v i . Then for each e i , there are at most (κ − R v )(2∆ − 2)!(κ − R i ) possibilities such that C G 〈v 〉 = C G 〈v i 〉. Therefore, the total assignments of this coloring is at most
From Lemma 2.4, (2) and (3) satisfy
Thus, there at least exists one suitable matching such that the κ-1-SVDTC f of H can be extended to a κ-1-SVDTC of G. The proof completes.
Remark 1. In the proof of above, K 3 -free is necessary for G since if not so, the forbidden colors number between the neighbors of v is difficult to determine here. In addition, under the hypothesis, we can improve the result due to Qiang et al. in [11].
Zhang et al. in [5] has proved that for any tree T of order at least 3, χ 1−svd t (T ) ≤ ∆(T ) + 2. Encouragingly, we will consider the 2-strongly vertex-distinguishing total coloring of a tree T . For convenience of our proof, we first give the coloring of T with ∆(T ) = 2. Clearly, T ∼ = P n if ∆(T ) = 2. 
Proof. Suppose P n = v 1 v 2 . . . v n . Clearly, χ 2−svd t (P n ) ≥ 4 by Lemma 2.8. It is easy to get that χ 2−svd t (P 3 ) = 4. From Theorem 3.1 and Lemma 2.6,
, 4} be a 4-2-SVDTC of P n . Without loss of generality, we may assume that f (v n ) = 1, f (v n v n−1 ) = 2 and f (v n−1 ) = 3, then C 〈v n 〉 = {1, 2, 3}, and so |C 〈v n 〉| = 3. This implies that |C 〈v n−1 〉| = 4 since C 〈v n ) = C 〈v n−1 〉 and {1, 2, 3} ⊆ C 〈v n−1 〉. Because C 〈v n−1 〉 = C 〈v n−2 〉 and |C 〈v n−2 〉| ≥ 3, we have |C 〈v n−2 〉| = 3. Furthermore, |C 〈v n−3 )| = 4 for C 〈v n−2 〉 = C 〈v n−3 〉 and C 〈v n−2 〉 ⊆ C 〈v n−3 〉. Consequently C 〈v n−1 〉 = C 〈v n−3 〉, a contradiction. Therefore χ 2−svd t (P n ) ≥ 5 when n ≥ 4. We use five colors {1, 2, 3, 4, 5} to color P n . The vertices v 1 , v 2 , . . . , v n can be colored alternately by 1, 2, 3, 4 and 5, and the edges v 1 v 2 , v 2 v 3 , . . . , v n−1 v n can be colored circularly by 3, 4, 5, 1 and 2. It follows that χ 2−svd t (P n ) = 5 for n ≥ 4.
Theorem 3.5. For any tree with
Proof. When ∆(T ) = 2, it follows from Proposition 3.4 that the result holds. When ∆(T ) ≥ 3, it is easy to see that χ 2−svd t (T ) = ∆+1 if T is a star. Otherwise, fixed a vertex v , we write P k for all the paths starting with v and length of k. Assume that y is an arbitrary vertex with d (v, y) = k −1, and z is the one adjacent to y with
, as is shown in Fig.2 . {1, 2, . . . , ∆ + 3}. Next we will prove the theorem by induction on the distance from v . Suppose f (y v i j ) = a i j and f (v i j ) = b i j . For convenience, writing α i j = {a i j , b i j } for j = 1, 2, . . . , t i . We may assume without loss of generality that f (z) = ∆ + 3, f (z y) = ∆ + 1 and f (y) = ∆ + 2 and so, two cases are considered in the following. Case 1. 2 ≤ i ≤ ∆ − 1. We also distinct two subcases below. On the other hand, we construct another bipartite graph B 
It's easy to see that for 1 ≤ j ≤ m, ∆ + 1 ∉ C 〈v i j 〉, and for m + 1 ≤ j ≤ t i , ∆ + 3 ∉ C 〈v i j 〉 but {∆ + 1, ∆ + 3} ⊂ {C 〈z〉,C 〈y〉}, hence, we have C 〈v i j 〉 = C 〈z〉 and C 〈v i j 〉 = C 〈y〉 for any 1 ≤ j ≤ t i . In this way one can also get C 〈w The 3-strongly vertex-distinguishing total coloring of a graph is more complicate than the previous one, we here give a bound for the coloring on a tree.
Remark 2.
In fact, one can use the same method to consider the case r ≥ 4 for r -SVDTC on a tree, and also can obtain an upper bound for the coloring. From the above as well as Zhang's result [5] we see that its upper bound will increase linearly with the number of r .
Further works and problems
As far as we know, for the vertex-distinguishing colorings, there exists some proper subgraphs H of G such that its vertex-distinguishing chromatic number is greater than that of G. Thus, we propose the following problem as a further work. From Theorem 6 in literature [5] , one can obtain χ 1−svd t (K n ) ≥ n + ⌈log n 2 ⌉, so too is χ r −svd t (K n ) for r ≥ 2 since D(K n ) = 1. In fact, if G admits an r -SVDTC, then the restriction of the set of colors for r -SVDTC, that any two vertices of G with distance at most r are r -strongly vertex-distinguishing, can be viewed as two adjacent vertices with 1-strongly vertex-distinguishing property, and so we have the following conjecture. Moreover, if G is a spars graph, then χ 2−svd t (G) may be bounded by some bounds like that of the trees. With the help of Theorem 3.5, we therefor propose a conjecture below.
Conjecture 2. Let G be a planer graph with no isolated edges. Then
χ 2−svd t (G) ≤ ∆(G) + 4.
